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ABSTRACT
In this thesis a powerful algorithm is developed for finding cyclic
Steiner systems.
A cyclic Steiner system with parameters S(t,k,v) is a pair ( V,B),
where B is a collection of subsets all of size k (called blocks) and V is
a t; element set of points, such that each t-subset of V is contained in
precisely one block of B. A Steiner system is called cyclic if it has an
automorphism carrying the points in a v-cycle.
The results obtained so far with this algorithm are given in
Table VII of chapter 5. Among the values reported there, are the
number of distinct cyclic solutions to S(2,3,55), S(2,3,57), S(2,3,61)
and S(2,3,63) which are 121,098,240, 84,672,512, 2,542,203,904 and
1,782,918,144 respectively. These values were apparently unknown
previous to this work.
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Steiner systems are a special case of ^designs. A t (v, k, A) design is a pair
( V,B), where V is a v element set of points, and B is a collection of jfc-subsets of V
called blocks, such that each /^subset of V appears in precisely A blocks of B. Here
A is a positive integer, and 1 < t < k < v, where if any equality exists, the design is





is a block K+l = {x+l:xEK} is also a block, addition per
formed modulo v. When A = 1, the f-design is called a Steiner system and is
denoted by S{t,k,v). For example if V = {0,1,2,...,6}, and B = { {0,1,3}, {1,2,4},
{2,3,5}, {3,4,6}, {4,5,0}, {5,6,1}, {6,0,2} }, then (V,B) is a cyclic 5(2,3,7).
Let K = {xi, x2, x3, ..., I*} be any fc-element subset of V, where
Xi<X2<x^<
"
<%k- Let d{ =
Xf+i
Xi for
l<i<fc 1 and df. = vx/i+Xi.
Define 6{K) to be the set of all cyclic shifts of [du d2, ..., dk). That is 6(K)
= {
( ^(i), <*,r(2)> > <**(*))'> 0<<fc }. Then it is easy to see that 8{KX)
= 6(K2) if
and only if A"x = K2+i, fr some t, 0<i'<w-l, addition performed modulo v.
Denote by < d1} d2, ..., dk> the set of all ^element subsets K for which
S[K) = ( di, d2, ..., dk ), that is the cyclic orbit containing K.
One of the main problems with t-designs is the question of their existence. It is
easy to see that if (V, B) is a cyclic design and KeB, then <6(K)> C B. Thus in
particular a cyclic Steiner system can be thought of as a disjoint union of cyclic
orbits.
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One example of t-designs are the much studied projective planes. It can be
shown that a projective plane of order n is an 5(2, n+1, n2+n+l). For example,
an 5(2,3,7) is a projective plane of order 2. It is easy to construct a projective
plane of order
pa
by using the finite field of order pa. Projective planes of order 6
were first shown not to exist by Tarry in 1900 [Tarr]. A more elegant proof was
given by Doug Stinson in 1984 [Stin]. The Bruck-Ryser theorem shows that a pro
jective plane of order n does not exist when n = 1 or 2 (mod 4) and the square free
part of n contains a prime factor p
= 3 (mod 4) [Bruc]. Hence, in particular there
is no plane of order 14. The nonexistence of projective planes of order 10 was only
just recently announced by Brenden McKay at the
20*A
Southeastern Conference on
Combinatorics, Computing, and Graph Theory, February 1989, Boca Raton,
Florida. It's nonexistence was established by a computer search on a Cray com
puter that took several years.
Table I
Existence of projective planes of small orders
order 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
exists Y Y YYNYYYNY ? Y N ? Y
When t is large, t > 4, there is not that much known about the existence or
non-existence of t ( v, k, A) designs. For t values greater than 6, the only known t-
designs are the ones found by Teirlinck in [Tier87]. In this paper he constructs
t-{ v, t+1,
(i+l)!(2'+ 1) ) designs for each v
= t (
mo<fu/o(r+l)!(2i+ 1) ) and
v > t + 1. The only small 6-designs that are known are the
6- (14,7,4) designs found
by Kreher and Radziszowski [Kreh86b], the 6-(33,8,36) and 6-(20,9,112) designs
-6
found by Kramer, Leavitt and Magliveras [Magl84,Kram85] and the infinite family
6- (8u+6,7,4u), for u >2 found by Teirlinck [Tier88].




If b = m * v for some m > 1, it is possible that m orbits of Assets under a cyclic group
could be used to construct the design, and thus the design would be cyclic. How
ever, it is also possible for a design to be cyclic when b is not a multiple of v, this
can occur when the residue r of b modulo v is a sum of factors of v,
fi+ f2+
' ' '
+ /n where each quotient of is also a factor of k. In this case the
Ji
number of orbits needed to generate the Steiner system is at least m + n. The
orbits of size
/,
properly dividing v are called short orbits. Note that if the parame
ters of a design meet either of these criteria that this does not necessarily prove
that such a cyclic design exists, but in order for a cyclic design to exist, it must
meet one of these criteria.
Table H
Criteria for Cyclic Steiner Design
i b = 0 modulo v
u b = r modulo v,




= 0 modulo /, for all t = 1,2,





Recent research has found that the first work done in the area of Steiner sys
tems was done by Plucker in 1829. The problem apparently was not well defined at
that time. It was in 1844, when Woolhouse asked for the first time for which
integers t, k, v does an S(t, k, v) exist? Several partial answers were given only
three years later in 1847 by Kirkman who showed that a design 5 (2, 3, v) exists if
and only if v = 1 or 3 (mod 6) and he constructed designs 5(3, 4, 2") for every n
[Lind78]. Also Hanani has shown that 5(3,4, v) exist when v
= 2 or 4 (mod 6)
[Hana60].
Actually Steiner's name was not invloved with the problem until 1853, and
because the other papers were not well read, his name became associated with the
problem. For the reader interested in the early beginnings of the problem and some




1. Constructing Cyclic Steiner Systems
1.1. Matrix Generation
First the Atk matrix, which is defined later, is constructed. The problem is
then to find a given set of columns such that the sum of all cells in a given row
from all of the given columns equals A. For t-designs in general this is a difficult
problem. However, for Steiner systems the problem can be reduced to doing bit
operations on the columns.
There are three steps involved in generating the matrix. The first step consists
of generating all of the f-orbits over v points. At first glance it may appear that
this is simply enumerating all sequences rfl5 d2, ..., dt with dt, + d2, + ..., + df = v,
but this is not the case. For example, let t be 3 and v be 10, then one of the orbits
is <1,4,5>. Note that this is the same orbit as both <4,5,1> and <5,1,4>, because
all three of these can be rotated into the same orbit. However, these are not the
same as <1,5,4>, <5,4,1>, or <4,1,5>. If t and t; are relatively prime, then the
number of blocks represented by an orbit will be v. Thus it follows that the
number of t-orbits Nt can be calculated with the following formula:
t;
N, = -^ (2.1)
The second step is to generate all fc-orbits over t; points. This step is the same
as the first step, except different parameters are used. Letting k be 4 and t; be 10
again, one orbit is <1,4,1,4>. As above, the
number of fc-orbits Nk when k and v
are relatively prime is given by
0
Nt = (2.2)
The formula for counting orbits of an arbitrary automorphism group is the
Cauchy-Frobenius-Burnside Lemma and appears in almost any algebra or elemen
tary group text. A particularly nice proof can be found in D.R. Hughes and F.C.
Piper's book Projective Planes, Springer-Verlag (1973) on page 11. If G is the sup
posed automorphism group and Fix(<jr) equals the number of ifc-subsets of V fixed by
</G, then the general formula is
^ = -^-EF.i(G) (2.3)
I G I geG
The third step consists of using the t-orbits and fc-orbits generated from the
first two steps and actually generating the Atk matrix. For each , 1 < i < Nt and j,
1 < j < iVJt one must calculate A^[t,y] the number of times a representative of the
ith
t-orbit is contained in members of the j fc-orbit. For the cyclic group this can
be calculated by just considering orbit labels and not looking at the blocks in a
given orbit. First you calculate how many times you can sum consecutive distances
in the
jth
ib-orbit label to make it look like the
ith
f-orbit label. Then count the
number of times the
jth
A^orbit label can be cyclically rotated to the same label.
The quotient of these two operations is Aa[i,j]- If -Attl^i] > A, which for Steiner
systems is 1, then, the
jth
ib-orbit can not be used in the solution because the sum
of all the cells in a given row must equal A. Consequently in this case the
jih
column of the Atk matrix need not be stored.
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Using the above examples for the t-orbit and ib-orbit, <1,4,5> has <1,4,1,4>
two times. For example if <1,4,5> is the
ith
*-orbit label and <1,4,1,4> is the
jth
As-orbit label, then, Att[t,j] = 2/2 = 1.
Most of the operations we wish to perform on the Atk matrix are column
operations. Thus we think of a column as a single entity and refer to them as
incidence vectors. When all of the J-orbits incident to a given ib-orbit is A or less,
then this incidence vector / of length Nt , is saved for inclusion in the search space.
The matrix is complete when all Arorbits have been examined and the relevant
incident vectors and their corresponding As-orbits are saved for later usage. Thus
the matrix is just the collection of these incident vectors of length Nt.
1.2. Generation ofDistinct Cyclic Solutions
Once the matrix is generated, the problem is to find a solution for the given
design. For a solution to exist among the Nk incident vectors 11,12, ...,1N , a
(0,l)-vector x = (x^ aj2, > xNk) must exist such that
ft -
E (It)J *
*,- = A, for all j = 1, 2, Nt (2.4)
i=l
Note that this problem is similar to the subset sum problem with the added restric
tion that each row in the matrix from the designated columns must sum to exactly
A.
When the (0,l)-vector x is found, a distinct cyclic solution has been found and
the Aj-orbits from the columns where x,- = 1 are saved. These orbits can then be used
to generate the design.
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1.3. Generation of non-isomorphic Cyclic Solutions
With the given distinct cyclic (dc) solutions to a design, it is then necessary to
determine which of these solutions are isomorphic to each other. One can deter
mine the non-ismorphic cyclic (nc) solutions in a variety of ways.
One way of determining isomorphism between two designs, provided the
parameters of a design meet the criteria of the theorem below, is to show that the
designs are multiplier isomorphic. This method is straight forward and was used in
the programs.
To determine which designs are multiplier isomorphic to others, you must go
through the list of dc-solutions one at a time and multiply the Avorbits by the
numbers relatively prime to v. If for any of these relatively prime numbers a
dc-
solution is mapped onto a nc-solution, the dc-solution is multiplier isomorphic to the
nc-solution and the dc-solution can be rejected. However, if for some dc-solution
none of the numbers relatively prime to v can map this design into some
nc-
solution, the dc-solution is not multiplier isomorphic to any solution and is added to
the list of nc-solutions.
Theorem [Phel87b]
(i) Lemma 4.2: For primes p, q, q\p-l, any cyclic 2-design isomorphic to
(ZpxZq,B) must be multiplier equivalent to it.
(ii) Corollary 4.3: Isomorphic cyclic 2-(pq,q, 1) designs are always multiplier
equivalent for primes p, q with p > q.
(iii) Lemma 4.4: If a cyclic 2-(m,A;, 1) design does not
exist for either m = p or
m = g, p, q primes, then any two isomorphic
cyclic





The primary aim is to develop programs to generate the non-isomorphic cyclic
solutions for cyclic Steiner Systems. The programs are implemented as robust as
possible so that non-cyclic Steiner Systems can also be searched for, but non-
isomorphic solutions will not be computed for such designs as this would require
another algorithm. Also, it is possible with modifications to search for other cyclic
^-designs where A=l. However, since the primary aim is Steiner systems, the
current programs use some programming tricks with bit manipulation to speed up
computing times, and are consequently restricted to A = 1. Of course, the programs
are well documented and thus can easily be modified to search for other designs.
Secondarily, I believed that the system should be as efficient as possible. This
is a critical goal of implementation as the search space for even moderate sized t; is
very large. Even for a cyclic 5(2,3,43) the number of Avorbits is 287, and only 7 of
these are used to make a solution, thus there are 287 choose 7 ways of picking these
7 incidence vectors, a rather large number of possibilities. I chose to use C as the
language for programming for its efficiency and also for its portability, as I in fact
have done the programming on more than one machine.
The third criteria is that the user should be able to use the system with ease.
I have placed this criteria after the others as the primary user is myself, but I am











There are six functions performed by this system, three of which correspond to
the three phases of generating the cyclic Steiner system: (1) matrix generation, (2)
distinct cyclic solution generation, and (3) non-isomorphic solution generation. The
other three functions are used before and after the cyclic Steiner system is run: (4)
generating a list of parameters which are possible candidates for Steiner systems, (5)
determining if a given design could be cyclic, and (6) displaying the solutions after
steps 2 and 3.
The first function produces the matrix to be used as input to the second. The
second function inputs this matrix and outputs Avorbits which can be displayed with
the sixth function. The third function accepts the Avorbits produced by the second
function and produces Avorbits which again can be displayed by the sixth function.
The fourth function is used before any of the others to test to see if some given
parameters meet the criteria for a Steiner system to exist. The fifth function is
used before the first three to test to see if a given set of parameters could produce a
cyclic design. Finally, the sixth function displays results. Actually, results are
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displayed by the same program for all four types of results: dc-solutions, nc-
solutions, non-cyclic solutions and non-cyclic non-isomorphic solutions.
2.3. Limitations and Restrictions
One major limitation is disk space. To generate all of the dc-solutions to
5(2,3,49) would require 158MB of disk space. A second major limitation is that of
time. On the larger cyclic Steiner systems the time to find distinct solutions is
quite long, hours and possibly days for some, this is one reason why efficiency is
very important to this system.
Also, as currently implemented the largest t, k, v or A value permitted is 255.
This is becasue I have implemented almost everything as char types; actually all of
these are of type PT, which is currently an unsigned char. This could be changed
to unsigned short, if the values need to exceed 255. I implemented it using char
because less space would be required, and since every parameter for possible designs
that I considered has argument values less than 100, the limitation of 255 did not
seem restrictive.
In the current implementation of determining the isomorphism of the orbits of
a design, an orbit is stored as an unsigned long integer. Since I store a Avorbit as an
integer this limits the size of v. The following table shows this limitation.
Table IV
Limitations on v for various k
k 3 4 5 6 7 8 9 10 11 12 13 14
V 65534 1629 260 90 47 31 25 21 20 19 19 19
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As A: gets large, v approaches Hi. Note that for the k values of 3, 4 and 5
the t; value limitation does not matter since I have implemented v as an unsigned
char, thus limiting its size to 255. I doubt for the other values of A; if I would search
for a design with v greater than this limit. For example, with k=Q and w=90 there
would be 6,917,940 Avorbits. With ib=7 and w=47 there would be 1,338,120 Avorbits.
Thus, a large number of orbits would need to be searched through to find a design.
If for some reason the representation of orbits seems too restricting, one may want
the orbits represented by character strings.
2.4. User Inputs
cyclic is started by the program name followed by the parameters t, k, and v,
and optionally A. Or one may optionally use one parameter, a file name, which con
tains lines of t, k and v and optionally A.
gmatc and gmat both require t, k, v and a matrix file name.
find, iso, res, and resn only require the matrix file name used by gmatc or
gmat.
The three main functions of the system - gmatc, find, and iso - also allow an
optional parameter which shows its status as it progresses, -s. find also has another
optional parameter which allows the program to run without saving dc-solutions to
the disk, -n. This may be useful in calculating large designs without having to use
up storage space. This is what I used in finding the number of dc-solutions for large
Steiner triple systems.
All of the programs display what parameters are expected if just the filename
is entered without any parameters. This conforms to the normal UNDC standard of
- 16-





screen output is the number of solutions found and
the time it took to find them. The other outputs are saved in files, gmatc saves
the t-orbits in t.v and the As-orbits in A:, v. Both of these files can be displayed with
show filename t or A:, gmatc also outputs another Avorbit file named nA;.v, which
contains only the Avorbits to be considered in the search space. Thus these Avorbits
intersected all t-orbits A or fewer times, and their corresponding incidence vectors
are the columns of the A^ matrix. The Atk matrix produced by gmatc is saved in
the matrix file the user picked. This matrix file also contains header information
neccessary for find to operate, the values of t, k, v, A a flag as to whether the design
under consideration is cyclic or not, and the new Avorbit file name, nAr.v. After
gmatc terminates the t.v and k.v files are no longer needed and they may be
removed. The nA;.t; file can not be deleted yet because it is used by find.
find reads in the matrix file produced by gmatc and searches for solutions to
the design according to the parameters in the header. When solutions are found it
reads in the Avorbits from the nAr.v file and saves them in a file with the prefix of
s-|-+ and with a postfix of the matrix file name. The +'s designate alphabetic char
acters a, b, ... z; thus, find can store its output in up to 676 different files. This out
put file also has header information in it, along with t, k, v, A, and the cyclic flag,
the number of orbits required is saved in the header, res will display all of the solu
tions found by find. When find is completed, the nA;.t> file can be removed.
-17-
iso reads in the s++mfn files produced by find and outputs its solutions into
n+-(-mfn files, where the +'s represent the same thing as in the find function.
These files can then be displayed by resn.
cyclic prints to stdout the number of orbits needed to generate the cyclic
design and whether the short orbit is required, or it tells the user that it is not
cyclic.
show prints to stdout the *-orbits or n-subsets generated by gmatc or gmat
respectively. Actually, this can be used to dump the contents of most files as it just
prints n values to a line for the entire contents of the file.
res and resn display on stdout the number of solutions found by find and iso
respectively. The postfix of n represents non-isomorphic solutions.






The software design phase of a computer project is one of the most important
aspects of programming. With this idea in mind I have coded this project in a
modular fashion. I have chosen to use C as my programming language because it is
widely used, supports modular program design, and because of its efficiency. By
disciplined programming the source files can act as modules, thus a single program
is allowed to reside in several source files. The UNTX make utility greatly enhances
a programmers ability to program in a modular fashion; hence, I have included the
makefile for my system in Appendix A. In this chapter I show how the various
modules fit together to make a complete system which exhaustively constructs
non-isomorphic cyclic Steiner systems.
There are six primary executable commands in this system:
(1) pos, give possible values for t, k and v;
(2) cyclic, determine if a design could be cyclic;
(3) gmatc, generate a binary matrix;
(4) find, find distinct cyclic solutions;
(5) iso, generate non-isomorphic solutions;
(6) res, display solutions.
Each of these commands has a source file of the same name with a suffix of ".c".
These files consist of routines which are used solely by this command in addition to
accessing some shared routines.
These shared routines are stored in
".h"
files and
are included into any programs that need these
functions. These shared routines
are in three modules:
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(1) funct.h, common functions to some commands
(2) globals.h, global constants and macros
(3) mytime.h, time related functions
There are also some other routines which are used in conjunction with some
main command, but because the code is self-contained it deserved to be in a
separate module from the main source code file. There are five of these modules
containing there own related routines:
(1) blocks.c, generates blocks
(2) orbits.c, generates orbits
(3) heap.c, performs a heapsort on the Atk matrix
(4) mat.c, generates incidence vectors from blocks
(5) matc.c, generates incidence vectors from orbits
Isolating these modules from their main module makes enhancements, replacement,
or transfer to another application much easier. The programiriing that was required
to code these modules will be discussed at length in chapter 4. We will look at how
data structures are named and how they are implemented.
2. Naming Conventions
To facilitate making enhancements in the future as easy as possible, I have
used a few guidelines in choosing my identifiers. First, if a variable is to be directly
associated with a certain parameter in a design, I named the variable according to
what is the most commonly used label for that parameter in a design. Further
more, if Sterner systems use a different label, then this is used as the variable name,
since this project deals with Steiner systems this seems like a logical conclusion.
For example, anywhere t, k, v, or lambda is used you can be sure that it represents
that particular parameter in a design. Secondly, all functions that work with arrays
as opposed to single items have a prefix of
"a_"
on them. This makes the code
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more understandable if you know a certain routine is performing an operation on a
whole array rather than just single entities. Finally, all other identifiers are named
to represent their purpose in the program.
3. Data Structures and Global Variables
All throughout the programs the parameters t, k, v and A are of the data type
PT. This is defined as an unsigned char in "globals.h", in this way the range of
these parameters can be changed by making one change in the
"globals.h"
file.
gmatc really does not require much in terms of data structures. The current
orbit is needed when generating the t-orbits and Avorbits, and you must keep track
of the number of permutations to make sure duplicates are not being constructed.
When generating the incidence vectors all of the ^-orbits are stored internally and
each Avorbit is processed one at a time. If the incidence vector contains A or less in
all cells, then the incidence vector and the Avorbit are saved in external files.
find uses a variety of arrays to find solutions to a Steiner system in the most
efficient way possible. The A^ matrix is stored in a one dimensional array, so my
own addressing is performed. I also have an array used to point into this matrix,
ptr, which when used as an index for the columns
- incidence vectors - makes the
columns appear in numerically descending order. My heapsort procedure creates
this array. Using this array two other arrays are created removing all duplicate
columns from the ptr array, unique contains the subscripts of each unique column
in descending order in the Atk matrix, dup contains subscripts into the ptr array as
to where the starting and ending locations of the duplicate columns are.
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Duplicate columns arise often for Steiner triple systems since every
<d1,d2,d3> orbit creates the same incidence vector as < dltd3,d2 >. In fact,
every column of the Att matrix has a duplicate column in a STS, except for the
short orbit. Thus, it is easy to see that the number of dc-solutions to a STS(v)
V
must be a multiple of 2
6
, where is the number of full orbits in the design.
6
Actually, for all 5(2,A:,t;) designs, there will be duplicate columns, and by creating
these two arrays, unique and dup, when a solution is found that consists of one
incidence vector, the other solution is immediately saved instead of searching for it.
Two other arrays are then created in find which allow faster manipulation of
the Atk matrix, list will contain the indices into the ptr array of where the highest
bit in the incidence vectors changes. In this way once one incidence vector is used
from one group, it can jump to the beginning of the next group by accessing the list
array. I also create an array next which points to the next possible incidence vector
that could be used with the current incidence vector.
Once all of these arrays are created, I can begin searching for a solution. I also
create three more arrays for this purpose: one to hold the indices of the unique
array of the columns used in the solution, aptly named ans; one to indicate what
rows still do not have a bit in them, named to_go, and one to assist in saving the
solutions, named tmp.
iso uses a variety of internal data structures also. I store the integer represen
tations of all the orbits from all of the nc-solutions in a binary tree. Each node in
the tree contains a pointer to a list of pointers to the nc-solutions that have that
orbit as one of their orbits. I have implemented the list of pointers as a
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dynamically linked array of pointers, because this saves on the amount of memory
required as long as the first array is at least one more than half full. Each nc-
solution contains the integer representation of all of its orbits in an array. This
array is always sorted when stored, using the heapsort of course, to facilitate com
paring a current design to this one.
I also create an array of numbers that are relatively prime to v. These are
then used when checking for multiplier isomorphism between designs. When a
design is isomorphic to one of the nc-solutions, the number that was used as the
multiplier is bubbled to the beginning of the array. Thus, this will be the first
number used the next time a design is being checked to see if it is isomorphic to a
nc-solution. By observing several designs, it could be seen that if a multiplier m
was used to show a design was isomorphic to another design, that the same multi
plier m was used again in one of the next designs.
4. Algorithms
The following is the pseudocode for find. Note that bit operations are per
formed because I assume Steiner systems are being searched for. Thus, this is one
segment of the code that must be rewritten if other t-designs are to be found. How
ever, this same code works if you are searching for non-cyclic Steiner systems where
the Avsets would be designated by the columns and f-sets by the rows. A solution
from this would then be all the blocks that constitute a Steiner system, gmat does
produce the required data for find to operate and find solutions to a given Steiner
system. Now for the pseudocode.
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while ( a solution is still possible ) do
while (( a solution not found ) AND ( a solution is still possible )) do
(1) find the first column in the current group that does not have a
BITWISE AND with any of the previously selected columns for the
design.
(2) if ( a column was found in this group )
(a) add this column to the list of columns used so far
(b) if ( a solution was found )
set the flag denoting this
else
determine the position of the next possible column and
what group it is in
(3) else if ( a column has already been picked )
(a) remove the last column picked from the list of partial
solutions
(b) set the column to start searching at to be the next column
in the same group as this
(4) else
set the flag that another solution is not possible
end while
if ( a solution was found )
(1) save the solution found, taking into consideration duplicate
columns
(2) remove last column selected and continue searching at that
point
(3) reset the flag that a solution was not found
end while
The data structures defined in the last section must be created before this
algorithm begins. This backtracking algorithm uses these data structures to find all
solutions to a given design. One could easily modify the code to find the first N
solutions and then stop. Thus, existence of a cyclic 5(f,A:,t;) could be determined.
The code for iso is easier to understand. Currently the only form of isomor
phism being checked for is multiplier isomorphism. To make this program really
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useful other types of computing isomorphism must be added. Again, the data
structures from the previous section must be defined and the numbers relatively
prime to v computed.
while ( more distinct cyclic solutions to check )
while (( isomorphism not determined yet ) AND
( there are more numbers relatively prime to v )) do
(1) for all orbits of a design
(a) generate the starter block from the orbit multiplied by some number
(b) calculate the orbit from this starter block
(c) calculate the minimum orbit
(d) generate the integer for this orbit
(2) determine if this design exists
(3) if ( the design exists )
(a) set the flag denoting that isomorphism was determined
(b) put the mulitplier used at the beginning of the array of
multipliers
end while
if ( the design was not isomorphic )
(l) add the design to the tree of non-isomorphic cyclic solutions




Module Designs and Specifications
In this chapter the primary algorithms used in the implementation of this pro
ject are examined along with their corresponding data structures. I will be examin
ing them in the sequence that they are used in finding non-isomorphic cyclic solu
tions for Steiner systems.
1. Matrix Generation
The matrix generation part of the system consists of two distinct phases: orbit
generation and matrix generation. These two phases correspond to two modules of
code, orbits.c and matc.c respectively. These are both called from the controlling
main program gmatc. Both of these phases are described below in more detail, but
here is a summary of each. During the orbit generation phase, all orbits of t dis
tances in a field of size v are calculated and stored in a file called t.v. Let the total
number of orbits found be Nt, this will be the number of rows in the Atk matrix.
This same procedure is then followed for A: and v resulting in a Am; file. Here the
number of orbits found will be the number of columns in the matrix, and hence
denoted by Nk. The Atk matrix is then generated with these two files as input, and
the matrix as output. While it is doing this it is eliminating any Avorbits that have
a element value greater than A in any row, thus the number of Avorbits, Nk, could
be decreasing. Since we are dealing with Steiner systems the size of the resulting
Atk matrix will be Nt
*
Nk bits.
The orbit generation phase must be able to produce all possible orbits over any
distance for a given number of distances. This task is very easy when the number
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of distances is 2. There will only be (v / 2) such orbits.
To generate the orbits for a given pair of numbers (n, v), where n is either t or
A:, I create an array of length n where the sum of these n distances will be v. Then
using an iterative process, I generate all possible simple orbits over t; points. Here a
simple orbit is one in which the distances are in strictly increasing order. With each
simple orbit, I recursively generate permutations so that all possible orbits of n dis
tances over v points are generated.
During generation of the incidence vectors, all of the i-orbits generated during
the orbit generation phase are read back into internal memory into a one-
dimensional array. Then each of the Avorbits is read in and used in producing the
incidence vector for that Avorbit. In doing this I use the method described in
chapter 2.
To make my programs more adaptable to finding other designs I have also
coded a similar command for generating a matrix where the rows and columns are
based on blocks rather than orbits. Thus these could be used when searching for
non-cyclic designs. The corresponding files for non-cyclic designs are: generation of
blocks in blocks.c, matrix generation in mat.c and the main program gmat in
gmat.c. The same find algorithm can be used to enumerate the designs produced
by this method, however, iso will need drastic revision as this part currently
assumes cyclic designs are being compared for isomorphism. Note that the size of
the Atk matrix produced using this algorithm will be larger than the Atk matrix pro




Distinct cyclic (or distinct non-cyclic) solutions are generated by find. The
only files used in this phase of the project are find.c and heap.c. I perform a heap-
sort on the incidence vectors to speed up the search process in find.
Using the data structures defined in the last chapter, I search for the solution
using an iterative algorithm rather than a recursive one, this should also help in the
overall performance of the algorithm. My algorithm can best be described as an
exhaustive backtracking algorithm. I start with the first incidence vector in ptr
then jump to the next group defined by list, or the incidence vector defined by
next. Then this is applied until no incidence vector in a group defined by list can
be found with the current incidence vectors already used, at this point I remove the
last incidence vector added to the solution and keep searching in the same group for
another incidence vector. If no other incidence vector is found, I remove the last
incidence vector added again. This search process goes back and forth and exhaus
tively finds all distinct cyclic solutions, or distinct non-cyclic solutions.
Although it may seem like wasting a lot of space, and hence memory, to have
all of the arrays that were discussed in the previous chapter, the improvement in
time is so significant that it is worth it. When not saving the solutions for the large
Steiner triple systems that I calculated, over 5000 solutions were found per second
on the average.
3. Non-isomorphic Solution Generation
iso is a stand alone source file, other than included header files. Several steps
are required to create an orbit that is multiplier isomorphic to the current orbit.
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First the starter block 5 is generated from the current orbit, which is a trivial task.
Given the starter block 5, a new starter block Snew is created by multiplying each
element in 5 by the multiplier m (modulo v). I have an array of multipliers stored,
where the multipliers are relatively prime to v. Also the multipliers are stored in
the array in the order that they were last used. Snea must be sorted such that the
new orbit Onew can be created, which is the next step, again a trivial task. Given
0new, I must ensure that this is the minimum orbit representation for the given dis
tances that can be represented by this orbit. For example, <1,2,4>, <2,4,1> and
<4,1,2> all generate the same set of blocks, however my algorithm must use the
<1,2,4> orbit when checking for isomorphism.
For each design in question, first all orbits are converted to their integer
representations for a given multiplier m. Then the first number in the orbit
representation array is used in accessing the binary tree to return a list of all nc-
solutions that have that number as one of their orbit representations. The orbit
representation array for the design under question is then sorted, and using the list
returned by the binary tree traversal, the orbit representation arrays are compared
for equality. If there is equality, the designs are isomorphic. If there is no equality,
the next multiplier is checked until there are no more multipliers which means the
design is nonisomorphic to any of the nc-solutions.
When all dc-solutions have been checked, all of the nc-solutions have been cal
culated and the task is completed. Again, this algorithm may use a lot of space,
but the time improvement was very substantial. I increased the speed from over
five days of CPU tune on a VAX 8200 to just under four hours of CPU time when




The results obtained by the algorithms presented in this thesis are summarized
in table VH. In this table the entry under orbits, dc and nc are the number of
cyclic orbits, the number of distinct cyclic solutions and the number of non-
isomorphic solutions found respectively. The entries for S(2,3,55), S(2,3,57),
S(2,3,61) and S (2,3,63) are apparently new. A disscussion of this table and its con
nection with previous reported results now follows.
1. Colbourn
Peltesohn has shown that there exists cyclic S(2,3,u) for all t; = 1,3 modulo 6,
where v > 6 and v == 9. Colbourn in [Colb82] has enumerated all the dc-solutions for
Steiner triple systems for w<51 and I have duplicated his results with the exception
of v= 37. I calculated 28480 distinct cyclic solutions, and Colbourn had 28420 dis
tinct cyclic solutions. By private communication with Colbourn I discovered that
the 28480 is indeed the correct answer. The following table shows the results
obtained by Colbourn as they were in [Colb82c]. The number of distinct cyclic
solutions for Steiner triple systems is represented by dc STS(v), and the number of




Colbourn's results for S(2,3,v)

















I have also included other results of the work of Colbourn and Colbourn




V nc V nc
13 1 21 1
16 - 25 -
25 - 41 1
28 - 45 -
37 2 61 10






In this same paper, [Colb80e] several ma-cyclic designs were also found, ma-cyclic
designs are those that have a multiplier automorphism. S(2,3,) designs were exam
ined up to v = 85, except where t; was a prime, S(2,4,v) designs to 88, and S(2,5,v)
designs to 85. They also generated a S(2,6,91).
In [Colb80b] two new cyclic Steiner quadruple system's were found, SQS(38)
and SQS(40). Also, the enumeration of all 29 cyclic SQS(20) was performed by
Phelps in [Phel80b].
2. Grannell and Griggs
In a paper by Grannell and Griggs [Gran82] the existence of a SQS(32) was
found. They also make a conjecture that cyclic Steiner quadruple systems exist for
all v except 8, 14, and 16.
3. Cho
In [Cho80] it was proven that if a cyclic SQS(v) exists, for v
= 2,10 modulo 12,
then a cyclic SQS(2w) also exists. Thus several existence questions for v < 100 were
obtained, as well as several large designs, the interested reader may want to read
this paper. To summarize some results, new cyclic Steiner quadruple systems were
found for several orders of v for which the existence of a cyclic SQS was previously
unknown. Here is a list of these new orders: 52, 68, 100, 116, 148, 164, 196, 212,
244, 356, 404, 452, 548, and 592. The smallest orders of
t; for which existence of a
cyclic Steiner quadruple system is still unkown at the time of this paper are: 32, 44,
46, 56, 62, 64, 70, 80, 86, 88, and 94. Note that the SQS(32)
was found by Grannell





work [Gibb76] several results were listed for Steiner systems and
^-designs in general. Please refer to his work for his results.
5. Frenz
The following table shows the results that were obtained from the algorithms
that were described in this thesis. Non-isomorphism was established by only check
ing multipliers and making liberal use of the theorem of Kevin Phelps as given in
section 1.3 of chapter 2. The only exceptions are for S (3,4,20) and S (3,4,22). The
29 non-isomorphic solutions for S (3,4,20) was established by Phelphs in 1980, see
[Phel80b]. The algorithms described in chapter 3 only establish that there are 148
non-multiplier isomorphic S(3,4,20) designs. The entry of 1140 for S(3,4,22) reflects
the number of dc-solutions my algorithm reports. The number of non-multiplier iso
morphic solutions it finds is 1017. According to a paper by Diener [Dien80], there
are however 210 dc-solutions and 21 nc-solutions. I know that the figure of 1017 is
incorrect, but I believe my figure of 1140 is correct. Unfortunately, my algorithm
does not determine any form of isomorphism other than multiplier isomorphism.
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Table VII
V S(t,k,v) Orbits dc nc
7 S(2,3,7) 1 2 1
10 S(3,4,10) 3 1 1
11 S(4,5,ll) 6 2 1
13 S(2,3,13) 2 4 1
S(2,4,13) 1 4 1
15 S(2,3,15) 3 4 2
17 S(3,5,17) 4 2 1
19 S(2,3,19) 3 32 4
20 S(3,4,20) 15 152 29
21 S(2,3,21) 4 32 7
S(2,5,21) 1 2 1
22 S(3,4,22) 18 1,140 1,017
25 S(2,3,25) 4 240 12
26 S (3,5,26) 10 1 1
27 S(2,3,27) 5 144 8
31 S(2,3,31) 5 2,048 80
S(2,6,31) 1 10 1
33 S(2,3,33) 6 1,600 84
37 S(2,3,37) 6 28,480 820
S(2,4,37) 3 48 2
39 S (2,3,39) 7 18,048 798
40 S(2,4,40) 4 96 10
41 S(2,5,41) 2 8 1
43 S(2,3,43) 7 395,648 9,508
45 S(2,3,45) 8 278,784 11,616
49 S(2,3,49) 8 6,594,560 ?
S(2,4,49) 4 9,184 224
51 S(2,3,51) 9 4,474,112 ?
52 S(2,4,52) 5 4,768 206
55 S (2,3,55) 9 121,098,240 ?
57 S(2,3,57) 10 84,672,512 ?
61 S(2,3,61) 10 2,542,203,904
?
S(2,4,61) 5 1,087,552 18,132
S(2,5,61) 3 416 10
63 S (2,3,63) 11 1,782,918,144 ?
64 S(2,4,64) 6 385,536 12,048




This was a very time consuming project both in terms of research and in pro
gramming time. But, I feel that I have gamed a lot of knowledge in the area of
Steiner systems and in the broader area of t-designs. I would like to pursue
research on cyclic ^-designs where A =h 1. Changing the necessary modules in my
code should be fairly easy, and doing this further work on t-designs would be
interesting to me.
The current programs obtain the answers for small designs relatively quickly,
but on large designs the size of the matrix is too large to search within a specified
time frame. I would also try to change the implementation of some code to try to
speed up the run time even more.
One optimization to iso that I would like to make, is to precompute the multi
plication of the orbits. Thus, determining multiplier isomorphism would then be
reduced to a traversal of a graph.
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Appendix A
Makefile for the System
# Author: Timothy C. Frenz (tcf2154)





# You must comment out the proper FLAGS line so the programs














all, gmat, gmatc, find, iso, res, show, pos, poss,
cyclic'
#












gmat: gmat.o blocks.o mat.o
cc -o gmat gmat.o blocks.o mat.o
gmatc: gmatc .o orbits .o matc.o
cc -o gmatc gmatc.o orbits.o matc.o
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find: find.o heap.o
cc -o find find.o heap.o
iso: iso.c globals.h mytimch
cc -O iso.c -o iso $(FLAGS)
res: res.c globals.h
cc -O res.c -o res $(FLAGS)
show: show.c globals.h
cc -O show.c -o show $(FLAGS)
pos: pos.c funct.h
cc -O pos.c -o pos
poss: poss.c
cc -O poss.c -o poss
cyclic: cyclic.c funct.h
cc -O cyclic.c -o cyclic
#
# Object file dependencies
#
gmat.o: gmat.c globals.h mytime.h
cc -c -O gmat.c $ (FLAGS)
blocks.o: blocks.c globals.h
cc -c -O blocks.c $ (FLAGS)
mat.o: mat.c globals.h
cc -c -O mat.c $(FLAGS)
gmatc.o: gmatc .c globals.h mytime.h
cc -c -O gmatcc $(FLAGS)
orbits.o: orbits.c globals.h
cc -c -O orbits.c $ (FLAGS)
matc.o: matc.c globals.h
cc -c -O matc.c $(FLAGS)
find.o: find.c globals.h mytime.h funct.h
cc -c -O find.c $(FLAGS)
heap.o: heap.c
cc -c -O heap.c
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Appendix B
C Source code for System
I am only including the most important files used in finding Steiner systems.
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Syntax Summary: cyclic t k v [lambda]
where: t, k, and v are arguments to test
Description:
cyclic will calculate the number of blocks that would be in a design of the
given parameters and then determine if such a design could be cyclic. If the
design could be cyclic the program outputs the number of orbits that would
be required to generate the steiner design. If the design could not be cyclic,
there is a message which tells you so.
Option:
signifies that we are interested in looking at a t-design other than a steiner
design. The default is 1, hence a steiner design.
gmatc : Description
Syntax Summary: gmatc t k v mfn [-s]
where: t, k, and v are numbers representing their usual
meaning in a design
mfn is the matrix file name to output the results to
Description:
gmatc generates f-orbits and /fc-orbits and produces a matrix which is stored
in mfn. The matrix represents the intersection of every i-orbit and every
k-
orbit. This file is stored with a header representing the parameters used: t,
k, v, A, cyclic design, and the size of the matrix by rows, and columns, and
the filename storing the fc-orbits so that these can ce retrieved when a solu
tion is derived.
gmat generates (-subsets and fc-subsets and produces a matrix which is
stored in mfn. The major difference between gmatc and gmat is that the
first deals with orbits and the second with blocks. Thus the size of the
matrix produced by gmat is much greater given the same parameters t, k,
and v. Actually the size will be the order of
v2
more. The header produced




-s prints out status reports of what is happening and how long things are tak
ing to perform.
find : Description
Syntax Summary: find mfn [-srn]
where: mfn is the same name used by gmatc
Description:
find reads in the paramters that are stored in the header of the matrix file.
If the design is cyclic it searches through the matrix for a solution to a cyclic
design. If the design is not cyclic, the search space is increased by an order
of v in both dimensions, find outputs its results into a file(s) with a prefix of
s## and a postfix of mfn. The #'s are replaced with the alphabetic charac
ters aa, ab, ... az, ba, ... bz, ca, ... zz. Thus there can be up to 676 files used
as the output from find. The first of these output files has a header contain
ing 6 vital pieces of information: the values of t, k, v, and A, whether the
design is cyclic or not, and the number of orbits or blocks required in the
design.
Option:
-s prints out status reports of what is happening and how long things are tak
ing to perform.
-r restarts the program from when it last dumped out its location and relevant
variables. This is useful if the program is terrnininated unintentionally.
-n this stops the program from actually storing the solutions found. This may
be useful in searching for the number of solutions to some designs; however,
it is then not possible to find the number of non-isomorphic solutions to the
given design.
iso : Description
Syntax Summary: iso mfn [-sr]
where: mfn is the same name used by gmatc
Description:
63-
iso begins by reading in the parameters stored in the file(s) produced by find
and if the design is cyclic it starts searching through the list of solutions pro
duced by find and calculates which of these solutions are isomorphic to each
other and saves only one solution from each of these into a file named n##
with a postfix of mfn. If the design is not cyclic, the program ends as I have
not implemented that part of the program.
Option:
-s prints out status reports of what is happening and how long things are tak
ing to perform.
-r restarts the program from when it last dumped out its location and relevant
variables. This is useful if the program is termininated unintentionally.
poss : Description
Syntax Summary: poss t k [n]
where: t and k represent there usual meaning in a design
n is the maximum size of v to print out values for
Description:
poss calculates what the values of v should be modulo some number.
Option:
n calulates the actual values of v for you up to and including the value of n.
These will be printed in ascending order starting with the first value greater
than v.
res : Description
Syntax Summary: res mfn
where: mfn is the same name used by gmatc
Description:
res reads in the parameters stored in the s##mfn file and displays the
blocks used in the design, or the orbits needed to generate the design,
depending on whether the design is cyclic or not.
resn displays the orbits needed to generate the non-isomorphic cyclic designs.
64-
show : Description
Syntax Summary: show fn n
where: fn is a filename
n is a number
Description:
show displays on stdout the contents of the file fn, n points to a line. This
can be used to display the orbits generated by gmatc or the blocks generated
by gmat by using the filenames of t.v or k.v where n would then be t or k.
Summary of Commands and Arguments
cyclic t k v [lambda] tells whether the given parameters allow a cyclic design to exist
gmatc t k v mfn [-s creates the matrix for a cyclic design of the given parameters
gmat t k v mfn -s creates the matrix for a non-cyclic design of the given parameters
find mfn [-s] [-r [-n] searches the matrix for solutions to the design
ISO mfn -s calculates which solutions are non-isomorphic
poss tk n lists the values of v for possible designs
res mfn displays solutions of find
resn mfn displays solutions of iso





The following listing gives the orbits for all solutions listed in Table VH where
the number of nc solutions is less than 100. Using these orbits one may construct
the given Steiner system by generating all blocks for a given orbit. All of the blocks
together form the Steiner system.
If there is a
'+'
following the S(t,k,v), this means that the orbit after this is a
short orbit that is to be used in the construction of the design. For example
S(2,3,15) has a short orbit of <5,5,5>. Thus there are 5 blocks associated with this







1 114 4 12 1 6 2 2 3 3
S(4,5,ll)
Solution Orbits
1 1112 6 11 4 3 2 12 13 4
115 13 14 2 2 2 12 3 2 3
S(2,3,13)
Solution Orbits
1 13 9 2 5 6
S(2,4,13)
Solution Orbits





1 1 3 11 2 6 7
2 1 3 11 2 7 6
S(3,5,17)
Solution Orbits
1 114 7 4 12
2 2 5 3 5
6 6 2 13 3 19
S(2,3,19)
Solution Orbits
1 1 3 15 2 7 10 5 6 8
2 1 3 15 2 10 7 5 8 6
3 1 7 11 2 3 14 4 6 9




1 1 2 18 4 8 9 5 6 10
2 1 2 18 4 8 9 5 10 6
3 1 4 16 2 8 11 3 6 12
4 1 4 16 2 8 11 3 12 6
5 1 4 16 2 11 8 3 6 12
6 1 8 12 2 3 16 4 6 11
7 1 8 12 2 3 16 4 11 6
S(2,5,21)
Solution Orbits
1 1 5 2 10 3
S(2,3,25)
Solution Orbits
1 1 2 22 4 7 14 5 8 12 6 9 10
2 1 2 22 4 7 14 5 8 12 6 10 9
3 1 2 22 4 7 14 5 12 8 6 9 10
4 1 2 22 4 7 14 5 12 8 6 10 9
5 1 2 22 4 9 12 5 6 14 7 8 10
6 1 2 22 4 9 12 5 6 14 7 10 8
7 1 2 22 4 9 12 5 14 6 7 8 10
8 1 2 22 4 9 12 5 14 6 7 10 8
9 1 2 22 4 12 9 5 6 14 7 8 10
10 1 2 22 4 12 9 5 6 14 7 10 8
11 1 2 22 4 12 9 5 14 6 7 8 10
12 1 2 22 4 12 9 5 14 6 7 10 8
S(3,5,26)
Solution Orbits
1 1 1 3 18 3 1 2 6 4 13 1 13 4 6 2
1 5 5 1 14 1 6 19 9 2 2 5 12 5
2 4 7 5 8 2 8 5 7 4 2 9 3 3 9








4 7 16 5 10 12 6 8 13
2 1 2 24 4 7 16 5 10 12 6 13 8
3 1 2 24 4 7 16 5 12 10 6 8 13
4 1 2 24 4 7 16 5 12 10 6 13 8
5 1 2 24 4 16 7 5 10 12 6 8 13
6 1 2 24 4 16 7 5 10 12 6 13 8
68-
7 1 2 24 4 16 7 5 12 10 6 8 13
8 1 2 24 4 16 7 5 12 10 6 13 8
S(2,3,31)
Solution Orbits
1 1 2 28 4 7 20 5 10 16 6 12 13 8 9 14
2 1 2 28 4 7 20 5 10 16 6 12 13 8 14 9
3 1 2 28 4 7 20 5 10 16 6 13 12 8 9 14
4 1 2 28 4 7 20 5 10 16 6 13 12 8 14 9
5 1 2 28 4 7 20 5 16 10 6 12 13 8 9 14
6 1 2 28 4 7 20 5 16 10 6 12 13 8 14 9
7 1 2 28 4 20 7 5 10 16 6 13 12 8 9 14
8 1 2 28 4 20 7 5 10 16 6 13 12 8 14 9
9 1 2 28 4 7 20 5 12 14 6 9 16 8 10 13
10 1 2 28 4 7 20 5 12 14 6 9 16 8 13 10
11 1 2 28 4 7 20 5 12 14 6 16 9 8 10 13
12 1 2 28 4 7 20 5 12 14 6 16 9 8 13 10
13 1 2 28 4 7 20 5 14 12 6 9 16 8 10 13
14 1 2 28 4 7 20 5 14 12 6 9 16 8 13 10
15 1 2 28 4 7 20 5 14 12 6 16 9 8 10 13
16 1 2 28 4 7 20 5 14 12 6 16 9 8 13 10
17 1 2 28 4 20 7 5 12 14 6 9 16 8 10 13
18 1 2 28 4 20 7 5 12 14 6 9 16 8 13 10
19 1 2 28 4 20 7 5 12 14 6 16 9 8 10 13
20 1 2 28 4 20 7 5 12 14 6 16 9 8 13 10
21 1 2 28 4 20 7 5 14 12 6 9 16 8 10 13
22 1 2 28 4 20 7 5 14 12 6 9 16 8 13 10
23 1 2 28 4 20 7 5 14 12 6 16 9 8 10 13
24 1 2 28 4 20 7 5 14 12 6 16 9 8 13 10
25 1 2 28 4 8 19 5 9 17 6 10 15 7 11 13
26 1 2 28 4 8 19 5 9 17 6 10 15 7 13 11
27 1 2 28 4 8 19 5 9 17 6 15 10 7 11 13
28 1 2 28 4 8 19 5 9 17 6 15 10 7 13 11
29 1 2 28 4 8 19 5 17 9 6 10 15 7 11 13
30 1 2 28 4 8 19 5 17 9 6 10 15 7 13 11
31 1 2 28 4 8 19 5 17 9 6 15 10 7 11 13
32 1 2 28 4 8 19 5 17 9 6 15 10 7 13 11
33 1 2 28 4 19 8 5 9 17 6 10 15 7 11 13
34 1 2 28 4 19 8 5 9 17 6 10 15 7 13 11
35 1 2 28 4 19 8 5 9 17 6 15 10 7 11 13
36 1 2 28 4 19 8 5 9 17 6 15 10 7 13 11
37 1 2 28 4 19 8 5 17 9 6 10 15 7 11 13
38 1 2 28 4 19 8 5 17 9 6 10 15 7 13 11
39 1 2 28 4 19 8 5 17 9 6 15 10 7 11 13
40 1 2 28 4 19 8 5 17 9 6 15 10 7 13 11
41 1 3 27 2 8 21 5 12 14 6
9 16 7 11 13
-69
42 1 3 27 2 8 21 5 12 14 6 9 16 7 13 11
43 1 3 27 2 8 21 5 12 14 6 16 9 7 11 13
44 1 3 27 2 8 21 5 12 14 6 16 9 7 13 11
45 1 3 27 2 8 21 5 14 12 6 9 16 7 11 13
46 1 3 27 2 8 21 5 14 12 6 9 16 7 13 11
47 1 3 27 2 8 21 5 14 12 6 16 9 7 11 13
48 1 3 27 2 8 21 5 14 12 6 16 9 7 13 11
49 1 3 27 2 21 8 5 12 14 6 9 16 7 11 13
50 1 3 27 2 21 8 5 12 14 6 9 16 7 13 11
51 1 3 27 2 21 8 5 12 14 6 16 9 7 11 13
52 1 3 27 2 21 8 5 12 14 6 16 9 7 13 11
53 1 3 27 2 21 8 5 14 12 6 9 16 7 11 13
54 1 3 27 2 21 8 5 14 12 6 9 16 7 13 11
55 1 3 27 2 21 8 5 14 12 6 16 9 7 11 13
56 1 3 27 2 21 8 5 14 12 6 16 9 7 13 11
57 1 3 27 2 10 19 5 11 15 6 7 18 8 9 14
58 1 3 27 2 10 19 5 11 15 6 7 18 8 14 9
59 1 3 27 2 10 19 5 11 15 6 18 7 8 9 14
60 1 3 27 2 10 19 5 11 15 6 18 7 8 14 9
61 1 3 27 2 10 19 5 15 11 6 7 18 8 9 14
62 1 3 27 2 10 19 5 15 11 6 7 18 8 14 9
63 1 3 27 2 19 10 5 15 11 6 7 18 8 9 14
64 1 3 27 2 19 10 5 15 11 6 7 18 8 14 9
65 1 5 25 2 7 22 3 13 15 4 10 17 8 11 12
66 1 5 25 2 7 22 3 13 15 4 10 17 8 12 11
67 1 5 25 2 7 22 3 13 15 4 17 10 8 11 12
68 1 5 25 2 7 22 3 15 13 4 10 17 8 11 12
69 1 5 25 2 7 22 3 15 13 4 10 17 8 12 11
70 1 5 25 2 7 22 3 15 13 4 17 10 8 11 12
71 1 5 25 2 22 7 3 13 15 4 10 17 8 12 11
72 1 5 25 2 22 7 3 15 13 4 10 17 8 12 11
73 1 5 25 2 10 19 3 13 15 4 7 20 8 9 14
74 1 5 25 2 10 19 3 13 15 4 7 20 8 14 9
75 1 5 25 2 10 19 3 13 15 4 20 7 8 9 14
76 1 5 25 2 10 19 3 15 13 4 7 20 8 9 14
77 1 11 19 2 7 22 3 5 23 4 13 14 6 10 15
78 1 11 19 2 7 22 3 5 23 4 13 14 6 15 10
79 1 11 19 2 7 22 3 5 23 4 14 13 6 10 15
80 1 11 19 2 22 7 3 5 23 4 13 14 6 10 15
S(2,6,31)
Solution Orbits
1 1 14 4 2 3 7
S(2,3,33) +11 11 H
70-
Solution Orbits
1 1 2 30 4 6 23 5 13 15 7 12 14 8 9 16
2 1 2 30 4 6 23 5 13 15 7 12 14 8 16 9
3 1 2 30 4 6 23 5 13 15 7 14 12 8 9 16
4 1 2 30 4 6 23 5 13 15 7 14 12 8 16 9
5 1 2 30 4 6 23 5 15 13 7 12 14 8 9 16
6 1 2 30 4 6 23 5 15 13 7 12 14 8 16 9
7 1 2 30 4 6 23 5 15 13 7 14 12 8 9 16
8 1 2 30 4 6 23 5 15 13 7 14 12 8 16 9
9 1 2 30 4 23 6 5 13 15 7 12 14 8 9 16
10 1 2 30 4 23 6 5 13 15 7 12 14 8 16 9
11 1 2 30 4 23 6 5 13 15 7 14 12 8 9 16
12 1 2 30 4 23 6 5 13 15 7 14 12 8 16 9
13 1 2 30 4 23 6 5 15 13 7 12 14 8 9 16
14 1 2 30 4 23 6 5 15 13 7 12 14 8 16 9
15 1 2 30 4 23 6 5 15 13 7 14 12 8 9 16
16 1 2 30 4 23 6 5 15 13 7 14 12 8 16 9
17 1 2 30 4 10 19 5 8 20 6 12 15 7 9 17
18 1 2 30 4 10 19 5 8 20 6 12 15 7 17 9
19 1 2 30 4 10 19 5 8 20 6 15 12 7 9 17
20 1 2 30 4 10 19 5 8 20 6 15 12 7 17 9
21 1 2 30 4 10 19 5 20 8 6 12 15 7 9 17
22 1 2 30 4 10 19 5 20 8 6 12 15 7 17 9
23 1 2 30 4 10 19 5 20 8 6 15 12 7 9 17
24 1 2 30 4 10 19 5 20 8 6 15 12 7 17 9
25 1 2 30 4 19 10 5 8 20 6 12 15 7 9 17
26 1 2 30 4 19 10 5 8 20 6 12 15 7 17 9
27 1 2 30 4 19 10 5 8 20 6 15 12 7 9 17
28 1 2 30 4 19 10 5 8 20 6 15 12 7 17 9
29 1 2 30 4 19 10 5 20 8 6 12 15 7 9 17
30 1 2 30 4 19 10 5 20 8 6 12 15 7 17 9
31 1 2 30 4 19 10 5 20 8 6 15 12 7 9 17
32 1 2 30 4 19 10 5 20 8 6 15 12 7 17 9
33 1 3 29 2 7 24 5 12 16 6 13 14 8 10 15
34 1 3 29 2 7 24 5 12 16 6 13 14 8 15 10
35 1 3 29 2 7 24 5 12 16 6 14 13 8 10 15
36 1 3 29 2 7 24 5 12 16 6 14 13 8 15 10
37 1 3 29 2 7 24 5 16 12 6 13 14 8 10 15
38 1 3 29 2 7 24 5 16 12 6 13 14 8 15 10
39 1 3 29 2 7 24 5 16 12 6 14 13 8 10 15
40 1 3 29 2 7 24 5 16 12 6 14 13 8 15 10
41 1 3 29 2 24 7 5 12 16 6 13 14 8 10 15
42 1 3 29 2 24 7 5 12 16 6 13 14 8 15 10
43 1 3 29 2 24 7 5 12 16 6 14 13 8 10 15
44 1 3 29 2 24 7 5 12 16 6 14 13 8 15 10
45 1 3 29 2 24 7 5 16 12 6 13 14 8 10 15
46 1 3 29 2 24 7 5 16 12 6 13 14 8 15 10
71-
47 1 3 29 2 24 7 5 16 12 6 14 13 8 10 15
48 1 3 29 2 24 7 5 16 12 6 14 13 8 15 10
49 1 3 29 2 12 19 5 8 20 6 9 18 7 10 16
50 1 3 29 2 12 19 5 8 20 6 9 18 7 16 10
51 1 3 29 2 12 19 5 8 20 6 18 9 7 10 16
52 1 3 29 2 12 19 5 8 20 6 18 9 7 16 10
53 1 3 29 2 12 19 5 20 8 6 9 18 7 10 16
54 1 3 29 2 12 19 5 20 8 6 9 18 7 16 10
55 1 3 29 2 12 19 5 20 8 6 18 9 7 10 16
56 1 3 29 2 12 19 5 20 8 6 18 9 7 16 10
57 1 3 29 2 19 12 5 8 20 6 9 18 7 10 16
58 1 3 29 2 19 12 5 8 20 6 9 18 7 16 10
59 1 3 29 2 19 12 5 8 20 6 18 9 7 10 16
60 1 3 29 2 19 12 5 8 20 6 18 9 7 16 10
61 1 3 29 2 19 12 5 20 8 6 9 18 7 10 16
62 1 3 29 2 19 12 5 20 8 6 9 18 7 16 10
63 1 3 29 2 19 12 5 20 8 6 18 9 7 10 16
64 1 3 29 2 19 12 5 20 8 6 18 9 7 16 10
65 1 4 28 2 13 18 3 9 21 6 8 19 7 10 16
66 1 4 28 2 13 18 3 9 21 6 8 19 7 16 10
67 1 4 28 2 13 18 3 9 21 6 19 8 7 10 16
68 1 4 28 2 13 18 3 9 21 6 19 8 7 16 10
69 1 4 28 2 13 18 3 21 9 6 8 19 7 10 16
70 1 4 28 2 13 18 3 21 9 6 19 8 7 10 16
71 1 4 28 2 18 13 3 9 21 6 8 19 7 16 10
72 1 4 28 2 18 13 3 9 21 6 19 8 7 16 10
73 1 5 27 2 10 21 3 14 16 4 9 20 7 8 18
74 1 5 27 2 10 21 3 14 16 4 9 20 7 18 8
75 1 5 27 2 10 21 3 16 14 4 9 20 7 8 18
76 1 5 27 2 21 10 3 16 14 4 20 9 7 8 18
77 1 6 26 2 12 19 3 13 17 4 5 24 8 10 15
78 1 6 26 2 12 19 3 13 17 4 5 24 8 15 10
79 1 6 26 2 12 19 3 17 13 4 5 24 8 10 15
80 1 6 26 2 19 12 3 17 13 4 24 5 8 10 15
81 1 9 23 2 13 18 3 4 26 5 12 16 6 8 19
82 1 9 23 2 13 18 3 4 26 5 12 16 6 19 8
83 1 9 23 2 13 18 3 4 26 5 16 12 6 8 19
84 1 9 23 2 13 18 3 26 4 5 16 12 6 8 19
S(2,4,37)
Solution Orbits
1 1 2 21 13 4 22 6 5 7 12 8 10
2 1 2 21 13 4 22 6 5 7 10 8 12




1 1 6 231 3 18 5 14 4 12 13 11
2 1 6 231 3 18 5 14 4 11 13 12
3 1 6 231 3 14 5 18 4 12 13 11
4 1 6 231 3 14 5 18 4 11 13 12
5 1 3 927 2 5 17 16 6 15 11 8
6 1 3 927 2 5 17 16 6 8 11 15
7 1 3 927 2 16 17 5 6 8 11 15
8 1 3 927 2 16 7 15 5 21 8 6
9 1 3 927 2 16 7 15 5 6 8 21
10 1 3 927 2 15 7 16 5 21 8 6
S(2,5,41)
Solution Orbits
1 1 3 7 18 12 2 19 5 9 6
S(2,5,61)
Solution Orbits
1 1 2 18 34 6 4 8 11 14 24 5 17 13 16 10
2 1 2 18 34 6 4 24 14 11 8 5 17 13 16 10
3 1 27 21 10 2 4 5 14 22 16 6 29 8 7 11
4 1 27 21 10 2 4 5 14 22 16 6 11 7 8 29
5 1 27 21 10 2 4 16 22 14 5 6 29 8 7 11
6 1 27 21 10 2 4 16 22 14 5 6 11 7 8 29
7 1 42 2 5 11 3 10 21 4 23 6 14 8 24 9
8 1 42 2 5 11 3 23 4 21 10 6 14 8 24 9
9 1 22 2 27 9 3 28 12 4 14 5 8 735 6
10 1 22 2 27 9 3 14 4 12 28 5 8 735 6
S (2,5,65) + 13 13 13 13 13
Solution Orbits
1 1 2 28 14 20 4 8 38 9 6 5 17 7 25 11
2 1 2 28 14 20 4 6 938 8 5 11 25 7 17
